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The interaction of strong near-infrared (NIR) laser pulses with wide-bandgap dielectrics produces high harmonics in the extreme ultraviolet (XUV) wavelength range. These observations have opened up the possibility of attosecond metrology in solids, which would benefit
from a precise measurement of the emission times of individual harmonics with respect to the
NIR laser field. Here we show that, when high-harmonics are detected from the input surface of a magnesium oxide crystal, a bichromatic probing of the XUV emission shows a clear
synchronization largely consistent with a semiclassical model of electron-hole recollisions in
bulk solids. On the other hand, the bichromatic spectrogram of harmonics originating from
the exit surface of the 200 µm-thick crystal is strongly modified, indicating the influence of
laser field distortions during propagation. Our tracking of sub-cycle electron and hole recollisions at XUV energies is relevant to the development of solid-state sources of attosecond
pulses.
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1

Introduction

Generation of extreme ultraviolet (XUV) high harmonics from gaseous media has been the foundation of attosecond science 1, 2 , which includes attosecond pulse generation 3 , imaging molecular
orbitals 4 and attosecond tunneling interferometry 5, 6 . At the heart of atomic high-order harmonic
generation (HHG) lies a three-step recollision process

7

that consists of tunnel ionization, free-

electron acceleration, and recollision to the parent ion. Based on their kinetic energies, electrons
recollide with the parent ions at slightly different times in the subcycle scale8 , causing an intrinsic
delay between harmonics. This delay, termed “atto-chirp”, is deleterious for crafting transformlimited isolated attosecond pulses or attosecond pulse trains. The precise timing between the electron trajectories is the cornerstone of high-harmonic spectroscopy5 . Following the recent observation of high-harmonic emission from bulk crystals 9–17 , attosecond metrology is being extended
to solids, with methods developed to reconstruct electronic band structures in reciprocal space
13, 14, 18

, to probe the periodic potential in real space

16, 17

, and to boost the emission efficiency in

nano-structures 19–22 , as well as towards stable attosecond pulses 23 . Just like in gas-phase HHG,
many of these applications benefit from the understanding of the temporal connection between
harmonics and the driving NIR laser field at the sub-cycle level.

In solids, there are two major HHG channels and they are expected to have distinct temporal
profiles24 . XUV harmonics from thin SiO2 subjected to NIR laser fields were found chirp-free 14, 25 ,
which is consistent with Bloch-like nonlinear oscillations of electrons in the conduction bands.
The other competing channel is inter-band polarization or recollision based harmonics13, 24, 26, 27 ,
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similar to HHG from gases. As shown in ultraviolet harmonics from ZnO, this process preserves
the temporal mapping characteristic of gas-phase HHG13 . In MgO crystals, the modulation of the
high-harmonic spectrum with the carrier-envelope phase of the few-cycle laser pulse 28 , as well as
the laser-intensity-induced shift in the emission phase of individual harmonics29 also point towards
the inter-band or recollision-based emission, however the atto-chirp has not been measured.

Here we apply a bichromatic probing scheme5, 6, 8, 13 to XUV high-harmonics emitted from
the input and exit surfaces of a magnesium oxide crystal. Harmonics emitted from the input surface show clear spectral signatures consistent with recolliding electron-hole pair trajectories, and
quantify the “atto-chirp”. This is our first result. Spectrograms of harmonics emitted from the
exit surface of a 200 micrometer thick MgO, however, are strongly distorted. This is our second
result. Together with a measured broadening and blue-shift of the transmitted NIR spectrum, we
conclude that the bichromatic probing scheme encodes temporal nonlinearities experienced by the
NIR pump during propagation through the crystal. Spatial distortions of the XUV high-harmonic
beam from the same crystal has been recently reported, too30 . Lastly, we develop a quantummechanical model of high-harmonic generation in solids that adds tunnelling of the electron-hole
pair across the minimum bangap of MgO. Implications of our work include the possibility of developing attosecond metrologies based on recolliding electrons at XUV photon energies in solids
and the generation of attosecond pulses with crystals.

3
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Experiment

In the experiment, we measure high harmonics from MgO crystals with 200 µm thickness subjected to a NIR field centered at 1320 nm and its weak second harmonic. Both the fundamental and
second harmonic are polarized along the [100] direction of the crystallographic axis. We record the
XUV high-harmonic spectra as a function of the attosecond delay between the two colors, which
is controlled with a pair of glass wedges (see Supplementary Information for detail).

We begin our investigation by showing the relevance of temporal distortions of the infrared
field upon propagation. This is performed by comparing two-color driven harmonic spectra in the
transmission mode (Fig. 1, top panel) with those in the reflection mode (Fig. 1, bottom panel),
but otherwise under similar conditions (See Supplementary Information for details). The excitation intensity inside the sample in both cases (considering Fresnel loss) is estimated to be ∼10
TW/cm2 . Because XUV harmonics are effectively emitted within a thickness that is on the order
of one absorption length (∼ 10 nm), from the entrance side in the reflection geometry and from
the exit side in the transmission geometry, the transmitted harmonics are expected to encode the
distortions accumulated by the pump pulse during propagation from the entrance to the exit side of
the sample. Indeed, transmitted harmonics exhibit broader peaks, which we attribute to the broader
(by about 30 percent) and blue-shifted spectrum of the fundamental pulse upon propagation (See
Supplementary Information). Moreover, each individual transmitted harmonic exhibits a linear
frequency shift with the second harmonic delay (shown by the dashed line), which is consistent
with different NIR center frequencies across the pulse. Spectral broadening and frequency shifts
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Figure 1: The modulation of the even harmonics measured in the transmission geometry (top panel)
shows an intra-harmonic chirp (dashed black line), resulting in inconsistent determination of the
modulation phase. Unequivocal determination of the modulation phase is possible, instead, in the
reflection geometry - here set at a 45°angle of incidence (bottom panel). The local minima for the
even-harmonic modulation are extracted and indicated by the diamond symbols. Each harmonic is
independently normalized to 1.

5

are a result of nonlinear propagation effects, possibly self-phase modulation, since no frequency
shift on individual harmonics is measured in reflection mode (dashed line). Linear dispersion of
MgO is ruled out as a possible contribution by adding a similarly thick MgO crystal in the beam
path before the focusing lens, for the reflection geometry.

In addition to the individual frequency shifts, there is a delay across neighbouring harmonics.
As shown in a previous work 8 , this modulation provides a measurement of the sub-cycle emission time of the harmonics, the so-called “atto-chirp”. This quantity is derived by matching the
observed modulation with that predicted by a model of recolliding electron-hole pairs in MgO, as
described in the next paragraph and in the Supplementary Information. In the reflection geometry,
we measure a lower limit for the attochirp decreasing from 148 ± 44 as/eV at ∼ 11 eV to 11 ± 44
as/eV at ∼ 15 eV, when a semiclassical model of recolliding electron-hole pairs is considered.
The atto-chirp deduced with a quantum model (described below) is compatible with the semiclassical one, but has a larger uncertainty (Supplementary Figure 4). The phase of the inter-harmonic
modulation is stronger in the transmission geometry, but the marked intra-harmonic shift renders
determination of this phase inconsistent.

Next, we analyze the observed modulation of the even-order harmonics as a function of
the two-color delay in detail, for the reflection geometry. When a second harmonic field with
∼0.5% of the power of the pump is added to the fundamental driver and properly phased, the
asymmetric field breaks the inversion symmetry of the high-harmonic dipole, resulting in electrons
and holes being accelerated farther apart or closer together at subsequent laser half-cycles of the

6

driver. The uneven path length is described by the addition or subtraction of a phase σ(nω, φ) to
the oscillating high-harmonic dipole 8, 13 , dependent on the harmonic order n and two-color delay
φ (see Supplementary Information). As the delay φ is varied, the high-harmonic power modulates
with an order-dependent phase. This is shown in Fig. 2 for the reflection case.

Experimental parameters are reported in the Supplementary Information. The delay that
yields the highest harmonic power (φopt ) is extracted from a cosine fit of the normalized modulations with a fixed frequency for all harmonics. It is plotted in Fig. 2 (colored circles) for the
even and the odd harmonics separately, and in Fig. 3, where it is compared with the theoretical
predictions. Overall, the delay for the even harmonics agrees reasonably well with the simple semiclassical three-step model introduced above (orange line) 26, 27 , up to an unmeasured offset phase.
In essence, the agreement suggests that XUV harmonics from MgO are a result of recollisions
between electrons and their associated holes that are driven by the strong laser fields in the lowest conduction and one of the highest valence bands, respectively. Bloch-like emission, instead,
predicts a modulation phase which is either in-phase or out-of-phase with the second harmonic
delay, but without atto-chirp (see derivation in the Supplementary Information). We note that the
semiclassical model predicts the emission phase of harmonics only up to 18th order because of
the limit set by the maximum band-gap at the zone edge. The emission of harmonics beyond this
order would require considerations of tunneling to a higher-lying conduction band

28, 31

although

experimental data does not show any apparent abrupt changes in the emission phase around this
energy range.
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Figure 2: Modulation of high-harmonic power for harmonics 11th to 21st (color coded) versus
sub-cycle delay between the fundamental and second harmonic fields (in cycles of the second
harmonic) measured in the reflection geometry. The order of the harmonic and the modulation
amplitude (normalized to 1) are reported in parentheses next to the curves on the right hand side.
The delay that yields the highest power is marked by colored circles for every harmonic. The
dashed red lines are fits to the experimental modulation with function cos(φ + φopt ), where φ is
delay. The only fit parameter is the offset phase, φopt . The second harmonic power is set to ∼0.5%
of the fundamental.
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Figure 3: (a) Both the semi-classical and quantum correction models of recolliding electron-hole
pairs predict a harmonic order dependent phase for the modulation of the even-order harmonics.
They closely match the experimental data (blue markers), up to an offset (see Supplementary Information for details). This is the so called “atto-chirp”. The odd harmonics (panel b) also show
order dependence but they deviate significantly from the model. The predictions from the model
are restricted within the maximum band-gap at the zone edge. The 18th and 20th harmonics lie
above the maximum band-gap, indicated by the grey area.
9

We note that the semiclassical model neglects quantum aspects similar to those studied both
theoretically

32

and experimentally 6 in the gas phase. Here, we extend those calculations to the

solid-state platform for the first time (see derivation in the Supplementary Information), see yellow
line Fig. 3a. However, the difference is not statistically significant and is within the uncertainty
in the extracted phase for otherwise fixed model parameters. The theoretical framework that we
have developed for solids predicts an imaginary component of the birth time of about 460 as for
harmonics in the photon energy range from 12 eV to 18 eV (Supplementary Figure 1), corresponding to ∼ 0.1 cycles of the NIR field. This value is similar to that measured in He atoms driven
at 4.4 ×1014 W/cm2 6 . However, we find a large offset of the modulation phase for the odd harmonics, compared to both the semiclassical model and that with this extended model (figure 3b).
The large deviation might arise from physics beyond our model or can be a signature of a secondharmonic strength larger than desirable. Supplementary Figure 5 shows, in fact, that for increasing
second-harmonic strength the relative modulation phase for adjacent even and odd harmonics progressively decreases. A slight decrease in the relative phase between the even harmonics is also
observed as the second harmonic strength increases to 0.28% of the fundamental. Therefore, the
reported atto-chirps shall be considered lower limits.

3

Conclusions

In conclusion, we measured the attosecond synchronization of XUV harmonics from 200 micrometer thick MgO crystals subjected to intense NIR laser fields. The results obtained in the reflection geometry closely represent the intrinsic delay of high-harmonics predicted by generalized
10

re-collision model, whereas two-color spectrograms of harmonics measured in the transmission geometry show strong temporal distortions - a cautionary tale for performing in-situ high-harmonic
spectroscopy in this geometry. Our evidence suggests that they are strongly influenced by propagation effects. In the reflection geometry, using semiclassical trajectories we extract a minimum
atto-chirp of 11 ± 44 as/eV (lower limit) about the 16th harmonic at ∼15 eV. With proper dispersion compensation, such as with ultra-thin metal filters, XUV harmonics from MgO could support
attosecond pulse trains. Typical gas-phase harmonic sources operate at about two orders of magnitude higher laser intensities. Because of the modest peak intensity requirements, solid-state HHG
based sources should be feasible with modern high repetition rate laser systems33 such that the
total XUV flux can be increased significantly.

Acknowledgements At Stanford/SLAC, this work was primarily supported by the US Department of
Energy, Office of Science, Basic Energy Sciences, Chemical Sciences, Geosciences, and Biosciences
Division through the Early Career Research Program. G.V. acknowledges the support from W. M. Keck
Foundation. D.B. acknowledges the support from the Swiss National Science Foundation (SNSF) through
project number P2EZP2-184255. The work at LSU was supported by the National Science Foundation
(NSF) (PHY-1713671).
The authors declare that they have no competing financial interests.

Author Contributions S.G. conceived the experiments. J. L. conducted experiments, G.V performed calculations. G.V. and J.L contributed equally to this work. Y.S.Y conducted initial measurements. M.W. and
D.B. also performed independent calculations. H.L. helped in initial measurements. All authors contributed
to the interpretation of the results and writing of the manuscript.

11

References
1. Corkum, P. B. & Krausz, F. Attosecond science. Nature physics 3, 381 (2007).
2. Krausz, F. & Ivanov, M. Attosecond physics. Reviews of Modern Physics 81, 163 (2009).
3. Paul, P. M. et al. Observation of a train of attosecond pulses from high harmonic generation. Science 292,
1689–1692 (2001).
4. Itatani, J. et al. Tomographic imaging of molecular orbitals. Nature 432, 867 (2004).
5. Shafir, D. et al. Resolving the time when an electron exits a tunnelling barrier. Nature 485, 343 (2012).
6. Pedatzur, O. et al. Attosecond tunnelling interferometry. Nature Physics 11, 815–819 (2015).
7. Corkum, P. B. Plasma perspective on strong field multiphoton ionization. Physical Review Letters 71, 1994
(1993).
8. Dudovich, N. et al. Measuring and controlling the birth of attosecond xuv pulses. Nature physics 2, 781 (2006).
9. Ghimire, S. et al. Observation of high-order harmonic generation in a bulk crystal. Nature physics 7, 138 (2011).
10. Schubert, O. et al. Sub-cycle control of terahertz high-harmonic generation by dynamical bloch oscillations.
Nature Photonics 8, 119 (2014).
11. Ndabashimiye, G. et al. Solid-state harmonics beyond the atomic limit. Nature 534, 520 EP – (2016). URL
https://doi.org/10.1038/nature17660.
12. Hohenleutner, M. et al. Real-time observation of interfering crystal electrons in high-harmonic generation.
Nature 523, 572 (2015).
13. Vampa, G. et al. Linking high harmonics from gases and solids. Nature 522, 462 (2015).
14. Luu, T. T. et al. Extreme ultraviolet high-harmonic spectroscopy of solids. Nature 521, 498 (2015).
15. Garg, M. et al. Multi-petahertz electronic metrology. Nature 538, 359 (2016).
16. Liu, H. et al. High-harmonic generation from an atomically thin semiconductor. Nature Physics 13, 262 (2017).

12

17. You, Y. S., Reis, D. A. & Ghimire, S. Anisotropic high-harmonic generation in bulk crystals. Nature Physics 13,
345 (2017).
18. Vampa, G. et al. All-optical reconstruction of crystal band structure. Physical review letters 115, 193603 (2015).
19. Han, S. et al. High-harmonic generation by field enhanced femtosecond pulses in metal-sapphire nanostructure.
Nature communications 7, 13105 (2016).
20. Sivis, M. et al. Tailored semiconductors for high-harmonic optoelectronics. Science 357, 303–306 (2017).
21. Vampa, G. et al. Plasmon-enhanced high-harmonic generation from silicon. Nature Physics 13, 659 (2017).
22. Liu, H. et al. Enhanced high-harmonic generation from an all-dielectric metasurface. Nature Physics 14, 1006
(2018).
23. Garg, M., Kim, H.-Y. & Goulielmakis, E. Ultimate waveform reproducibility of extreme-ultraviolet pulses by
high-harmonic generation in quartz. Nature Photonics 1 (2018).
24. Wu, M., Ghimire, S., Reis, D. A., Schafer, K. J. & Gaarde, M. B. High-harmonic generation from bloch
electrons in solids. Physical Review A 91, 043839 (2015).
25. Luu, T. T. & Wörner, H. J. Observing broken inversion symmetry in solids using two-color high-order harmonic
spectroscopy. Phys. Rev. A 98, 041802 (2018). URL
https://link.aps.org/doi/10.1103/PhysRevA.98.041802.
26. Vampa, G. et al. Theoretical analysis of high-harmonic generation in solids. Physical review letters 113, 073901
(2014).
27. Vampa, G., McDonald, C., Orlando, G., Corkum, P. & Brabec, T. Semiclassical analysis of high harmonic
generation in bulk crystals. Physical Review B 91, 064302 (2015).
28. You, Y. S. et al. Laser waveform control of extreme ultraviolet high harmonics from solids. Opt. Lett. 42,
1816–1819 (2017). URL http://ol.osa.org/abstract.cfm?URI=ol-42-9-1816.
29. Lu, J., Cunningham, E. F., You, Y. S., Reis, D. A. & Ghimire, S. Interferometry of dipole phase in high
harmonics from solids. Nature Photonics 13, 96–100 (2019).

13

30. Vampa, G., You, Y., Liu, H., Ghimire, S. & Reis, D. Observation of backward high-harmonic emission from
solids. Optics express 26, 12210–12218 (2018).
31. You, Y. S., Lu, J., Cunningham, E. F., Roedel, C. & Ghimire, S. Crystal orientation-dependent polarization state
of high-order harmonics. Opt. Lett. 44, 530–533 (2019). URL
http://ol.osa.org/abstract.cfm?URI=ol-44-3-530.
32. Smirnova, O. & Ivanov, M. Multielectron High Harmonic Generation: Simple Man on a Complex Plane,
chap. 7, 201–256 (John Wiley & Sons, Ltd, 2014). URL
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527677689.ch7.
https://onlinelibrary.wiley.com/doi/pdf/10.1002/9783527677689.ch7.
33. Gholam-Mirzaei, S., Beetar, J. & Chini, M. High harmonic generation in zno with a high-power mid-ir opa.
Applied Physics Letters 110, 061101 (2017). URL https://doi.org/10.1063/1.4975362.
https://doi.org/10.1063/1.4975362.

14

Attosecond synchronization of extreme ultraviolet high harmonics
from crystals
Supplementary Information
Giulio Vampa,∗ Jian Lu, Yong Sing You, Denitsa R. Baykusheva, Mengxi Wu, Hanzhe

arXiv:2001.09951v1 [physics.optics] 27 Jan 2020

Liu, Kenneth J. Schafer, David A. Reis, Mette B. Gaarde, and Shambhu Ghimire†
Stanford PULSE Institute, SLAC National Accelerator Laboratory,
Menlo Park, California 94025, USA and
Department of Physics and Astronomy,
Louisiana State University, Baton Rouge, Louisiana 70803, USA
(Dated: January 28, 2020)

∗

gvampa@stanford.edu

†

shambhu@slac.stanford.edu

1

I.

EXPERIMENTAL DETAILS

The experimental setup in the transmission geometry is shown in detail in Fig. 1(a). The
NIR pulses at 1320 nm with ∼60 fs duration are generated from an optical parametric amplifier pumped by an amplified Ti:Sapphire laser system operating at a 1 kHz repetition rate.
We superimpose a weak second-harmonic field to the intense driver using an interferometer
in an inline geometry [1], which ensures sufficient phase stability. The second-harmonic field
is generated with orthogonal polarization with respect to the NIR field using a 100 µm-thick
beta barium borate crystal via type-I phase matching. A half wave-plate rotates the NIR
polarization to be vertical in the laboratory frame, which is parallel to that of the secondharmonic field. The half wave-plate is zero-order for 1320 nm light and does not alter the
polarization for the second-harmonic light at 660 nm. A lens with a focal length of 40 cm focuses the laser beams onto the sample. A 1 mm-thick birefringent calcite plate placed before
the half wave-plate compensates the delay between the fundamental and second-harmonic
pulses introduced by the transmissive optics in the beam path, such that the two-color fields
are temporally overlapped at the sample. The phase delay between the two-color fields is
controlled with attosecond precision by varying the insertion of a pair of glass wedges in the
beam. The polarization for the fundamental and second-harmonic pulses and the relative
timing between them after transmission through each optics are shown in Fig. 1(b). The
transmission measurements are conducted at normal incidence while the reflection measurements are conducted at a 45◦ angle of incidence and the harmonics propagating along the
specular reflection direction are collected. The XUV high harmonics emerging from the
sample are collected by an XUV spectrometer consisting of a grating (600 grooves per mm),
a micro-channel plate, and a phosphor screen. The spectrographs displayed on the phosphor
screen are recorded by an imaging lens and a charge-coupled device. The sample and the
XUV spectrometer are held in vacuum to avoid air absorption of the XUV harmonics.
To show the relevance of the propagation effects associated with the pump pulses, we
measured the second-harmonic spectra of the fundamental pulses before and after propagation through the 200 µm MgO sample with polarization parallel to the crystal cubic axis.
The second-harmonic spectra are shown in Fig. 2. Significant broadening and spectral modulation of the second-harmonic spectrum after the fundamental pulse transmitting through
the sample are evident. This suggests that the propagation effects of the strong pump pulses
2
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FIG. 1. (a) Experimental setup in the transmission geometry. OPA: optical parametric amplifier;
β-BBO: beta barium borate; HWP: half wave-plate; MCP: micro-channel plate. One wedge is
translated using a motorized stage. (b) The polarization in the laboratory frame and the relative
timing for the fundamental and second-harmonic pulses after transmission through each optics. (c)
Experimental setup in the reflection geometry. The sample is rotated by 45◦ with respect to the
geometry in (a). The fundamental pulses at 1320 nm are indicated in red and the second-harmonic
pulses are indicated in blue.

are non-negligible in our high-harmonic generation experiments in transmission geometry.

II.

ANALYSIS OF THE OPTIMUM PHASE

The lack of the dynamical inversion symmetry perturbs the high-harmonic dipole as
follows:

d = d0 e−inωt−iσ − d0 e−inω(t+π/ω)+iσ =


sin σ, for n = 2m
= d0

cos σ, for n = 2m + 1
3

(1)
(2)

FIG. 2. The second-harmonic spectrum of the pump pulse at 1320 nm (red) and second-harmonic
spectra of the pump pulse after propagation in a 200 µm thick MgO sample at two different
intensities (blue and black). The intensities inside the samples are indicated in the legend. The
pump pulse polarization is parallel to the [100] axis. The pump spectrum undergoes significant
spectral broadening after propagating through the sample, indicating the strong propagation effects
in experiments in transmission geometry.

where d0 is the unperturbed high-harmonic dipole (inversion symmetric), n is the harmonic
order, ω is the frequency of the driver, and
Z tr
v(τ, ti )A2 (τ, φ)dτ.
σ(tr , φ) =

(3)

ti (tr )

Here, v(k) = vc (k) − vv (k) = ∇k εg (k) is the semiclassical velocity difference between
electrons and holes in the valence and conduction bands respectively, ε(k) is the energy
difference between the two bands, and A2 (τ, φ) = A2 cos (2ωτ + φ) is the vector potential of
the second harmonic. The additional phase is accumulated between the unperturbed times
of creation of the electron-hole pair (ti ) and of recollision of the electron with the hole (tr ).
As the delay φ between the driver and the second harmonic is varied, the high-harmonic
power modulates according to Eq. (3) and the Fourier transform of Eq. (1), with an orderdependent phase. The classical trajectories are calculated following the procedure described
in Ref. [2, 3] but using the band structure of MgO [4]. Uncertainty in the calculated bandstructure such as typical under estimation of the band-gap by DFT is discussed elsewhere
[4]. Quantum trajectories, instead, are calculated according to the procedure reported in
the next section. Once the trajectories are known, Eq. (3) is evaluated numerically in either
4

the real (classical) or complex (quantum) plane. Next, the harmonic modulation is calculated with Eq. (1). Finally, the phase of the modulation is extracted for each harmonic and
plotted in Fig. (3) of the main text. Error bars in experimental results represent 95 percent
confidence bounds obtained from the QR-decomposition procedure adopted in the nonlinear
least squares regression. Because in experiment we do not resolve the absolute phase offset,
we displace the theoretical curves by an amount that minimizes the value of reduced χ2 .
P
Here χ2 = (theory − experiment)2 /σ 2 , where σ corresponds to the 68 percent confidence

interval on the phase modulation of individual harmonics. The value of reduced χ2 for semiclassical and quantum correction models are 23.36 and 23.96 respectively. We note that all
calculation results are performed in one dimension assuming that the linearly polarized laser
field is aligned along [100] direction. As shown recently through polarization measurements
of XUV harmonics from MgO, slight deviations from high symmetry directions of the crystal
require considering anisotropic two dimensional effects [5].

III.

SOLVING FOR THE QUANTUM ORBITS

The quantum mechanical model is developed to calculate the dominant quantum orbits
of the high-harmonic dipole path integral, Eq. (4b) of Ref. [2]. The orbits are characterized
by complex times of creation of electron-hole pairs and their annihilation (the imaginary
component encoding quantum-mechanical tunnelling), as well as complex momenta [6, 7].
The derivation is reported below. The quantum orbits are derived by finding the conditions
of least action with saddle point integration. The saddle point equations are [2]:
∇k S = ∆xc − ∆xv = 0

(4a)

dS
= εg (k − A(t) + A(t0 )) = 0
(4b)
0
dt
dS
= εg (k) = nω.
(4c)
dt
Rt
where S(k, t0 , t) = t0 εg [k + A(t0 ) − A(t)]dτ is the action and A(t) = −A0 sin ωt is the
vector potential of the driver. As discussed in Ref. [2, 3], Eqs. 4 justify the semiclassical

model of high-harmonic generation: Eq. (4b) dictates that the newly created electron-hole
pair accelerates in k-space according to the equation of motion k = A(t0 ) + A(t); Eq. (4a)
requires the electron to re-encounter the hole; Eq. (4c) determines that the high-harmonic
photon energy equals the bandgap at the momentum of collision.
5

In semiconductors and dielectrics, Eq. (4b) has only a complex solution, a hallmark of
quantum effects. So far, however, the saddle point equations in solids have been solved
by zeroing the minimum bandgap, allowing real-valued solutions, effectively discarding the
quantum contribution [3]. Here, instead, we solve Eqs. (4) with a non-zero minimum
bandgap, and verify the role that quantum corrections play in our experiment. The method
follows closely that of Ref. [7] for gases. The complication arises from the non-parabolic
P
band dispersion of crystals, parametrized here as εg (k) = Eg + N
j=1 ∆j [1−cos (jka)], where
kb a = π (kb is the Bloch wavevector of the lattice). Only the band dispersion along the laser

polarization (Γ − X) is considered. First, Eq. (4b) is written as follows:
<:
=:

X
j

X

∆j [1 − cos (jx) cosh (jy)] = −Eg

(5)

∆j sin (jx) sinh (jy) = 0,

(6)

j

where x/a = p0st − A0 sin φ0i cosh φ00i , y/a = p00st − A0 cos φ0i sinh φ00i , and pst = p0st + ip00st

and φ0i = ωti = φ0i + iφ00i are the stationary canonical momentum and ionization phases
respectively (to be determined). Eq. (6) is solved for either x, y = 0. However, if y = 0, Eq.
P
P
P
(5) has no solution because j ∆j cos (jx) ≤ j ∆j < j ∆j + Eg > 0 when all ∆j ≥ 0
as in MgO (see caption of Supplementary Figure 3), in contradiction of Eq. (5). Therefore,
x = 0. Setting ξ = cosh y and expanding cosh (jy) in powers of ξ, Eq. (5) becomes a
high-order polynomial whose real root α can be found numerically or, as is the case here,
analytically for N = 3. Then, p0st , p00st are expressed as:
p0st (φ0i , φ00i ) − A0 cos φ0i sinh φ00i =

arcosh α
a

p00st (φ0i , φ00i ) − A0 sin φ0i cosh φ00i = 0

(7a)
(7b)

The same procedure is adopted for Eq. (4c) to express:
p0st (φ0r , φ00r ) − A0 sin φ0r cosh φ00r =

arccos β
a

p00st (φ0r , φ00r ) − A0 cos φ0r sinh φ00r = 0

(8a)
(8b)

where β is the real root of the polynomial equation. In this case, choosing x = 0 solves for
below-gap harmonics, whereas y = 0 solves for nω ≥ Eg , which is what is needed in this
work. Equations (7) and (8) are identical to those found in the gas case [7] if one defines
6

FIG. 3. Comparison between classical (blue lines) and quantum (red lines) orbits. (left) Real part
of the times of ionization and recombination; (right) imaginary part of the time of ionization. The
classical model, neglecting quantum tunneling, predicts instantaneous ionization. The calculation
is performed with: F0 = 0.63 V/Å, ω = 1.3 µm, a = 4.21 Å, Eg = 7.78 eV, and ∆1 = 4.521
eV, ∆2 = 1.021 eV, ∆3 = 0.1221 eV. The band parameters are obtained from a multi-cosine fit
of the band structures reported in Ref. [4], along the Γ − X direction (the same probed in the
experiment).

γ = arcosh α/a, γN = arccos β/a. From Eqs. (7) and (8) one derives:
r

P −D
(9a)
2
r
P +D
00
0
00
φi (φr , φr ) = arcosh
(9b)
2
p
with P = (p0st /A0 )2 + γ̃ 2 + 1, D = P 2 − 4(p0st /A0 )2 , and γ̃ = γ + p00st /A0 . Finally, Eqs.
φ0i (φ0r , φ00r ) = arcsin

(8) and (9) are substituted in Eq. (4a) and the integral is evaluated numerically for every
harmonic photon energy Ω on a grid of (φ0r , φ00r ). The minimum of |∇k S|2 determines the
real and imaginary components of the recollision phase φr (Ω), from which φi (Ω) and pst (Ω)
can be calculated.

The predicted high-harmonic photon energy as a function of the complex ”ionization
time” of the electron-hole pair is shown in Fig. 3 (red lines), where it is also compared
to the classical prediction (solving with Eg = 0, blue lines). Indeed, there are significant
7

differences induced by the strong-field excitation step.
The quantum trajectories are used to calculate the phase between the fundamental and
its second harmonic that maximizes the high-harmonic power, using the definition of σ and
the procedure reported in the previous section, replacing the real stationary points with the
complex saddle points found here.

IV.

CALCULATION OF ATTOCHIRP

The emission time of each harmonic is extracted from the data presented in Fig. 3 of the
main manuscript following the same procedure as in Ref. [1]: for each even harmonic order
the measured optimum phase φopt is interpolated to that predicted by the model, which
links each φopt to a specific recollision time. The result is shown in Fig. 4a. The attochirp is
calculated as

∆tr
.
∆~ω

It is shown in Fig. 4b. Because the bandstructure of MgO that we employ

does not extend beyond the 18th harmonic, the semiclassical model does not allow harmonics
beyond the 18th . The quantum model is in principle capable of predicting harmonics beyond
the classically-allowed region[7], but those solutions have not been considered in this work.
For both reasons, the emission time for the 20th harmonic is excluded in Fig. 4(a). Because
the attochirp about the 18th harmonic requires the emission time of the 20th , it is excluded
in the attochirp calculation.

V.

BLOCH EMISSION IN TWO-COLOR FIELDS

In this section we demonstrate that Bloch-type emission arising from independent acceleration of electrons and holes in their respective bands predicts no atto-chirp, contrary to
the experimental observation.
For simplicity, we assume a 1-dimensional nearest-neighbor momentum-dependent band
gap, εg (k) = Eg + ∆[1 − cos(ka)], where a is the lattice constant. The difference in band
velocities is vg (k) = ∇k εg = ∆a sin(ka). The laser field is F (t) = F1 cos(ωt)+F2 cos(2ωt+φ),
where F1 is the (strong) fundamental field strength and F2 is the (weak) perturbation at
the second harmonic of the fundamental field frequency. φ is the relative delay between
the two colors. The crystal momentum of the electron-hole pair is time-dependent: k(t) =
−A1 (t) − A2 (t) = A1 sin(ωt) + A2 sin(2ωt + φ), where A1,2 (t) is the laser vector potential,
8
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FIG. 4. (a) Recollision time for all harmonics below or at the maximum bandgap, as mapped
from the measured φopt with the classical (blue) and quantum (red) models. (b) Derivative of the
recollision time with respect to harmonic photon energy (atto-chirp). The last point at ∼ 17 eV
is excluded because the next harmonic lies above the maximum bandgap and therefore the model
doesn’t account for it.

A1 = F1 /ω, A2 = F2 /(2ω). The time-dependent electron-hole velocity, then, is:
vg (t) = ∆a sin[A1 (t) + A2 (t)] =

(10)

= ∆a [sin A1 (t) cos A2 (t) + cos A1 (t) sin A2 (t)] =

(11)

' ∆a [sin A1 (t) + A2 (t) cos A1 (t)] .

(12)

where in the last step we assumed A2 (t) << 1 (perturbative regime). The first term in
square brackets is the unperturbed spectrum (independent of the second-harmonic field),
while the second term is the perturbed spectrum. The unperturbed spectrum rightfully
comprises only the odd harmonics, and therefore will not be considered in the analysis of
the even harmonics:
sin A1 (t) = sin(A1 sin ϕ1 ) = 2

∞
X

J2n+1 (aA1 ) sin[(2n + 1)ϕ1 ]

(13)

n=0

where we used the Jacobi-Anger expansion, and set ϕ1 = ωt. The perturbed spectrum
comprises only even-order harmonics:
A2 (t) cos A1 (t) = A2 sin ϕ2 cos(A1 sin ϕ1 ) =
(
)
∞
X
= A2 sin ϕ2 J0 (aA1 ) + 2
J2n (aA1 ) cos(2nϕ1 )
n=1

9

(14)
(15)

where we defined ϕ2 = 2ωt + φ. The perturbation adds sidebands at (2n ± 2)ω, as we
demonstrate below:
= J0 (aA1 )A2 (t) +
= J0 (aA1 )A2 (t) +

∞
X

n=1
∞
X
n=1

Rearranging the sum:
(

J2n (aA1 )A2 [sin(2nϕ1 + ϕ2 ) − sin(2nϕ1 − ϕ2 )] =

(16)

J2n (aA1 )A2 [sin((2n + 2)ωt + φ) − sin((2n − 2)ωt − φ)]

(17)

vgeven (t) = ∆a J0 (aA1 )A2 (t) +

∞
X

m=1

)

A2 [J2m−2 (aA1 ) sin(2mωt + φ) − J2m+2 (aA1 ) sin(2mωt − φ)]
(18)

Finally, we calculate the spectrum of the even harmonics higher than the 2nd and their
power as a function of φ. For clarity we omit the factor ∆aA2 and the arguments of the
Bessel functions (aA1 ):
n
o
vg (2N ) = F T J2N −2 sin(2N ωt + φ) − J2N +2 sin(2N ωt − φ) =
(19)
n
o
= F T sin(2N ωt) [J2N −2 − J2N +2 ] cos(φ) + cos(2N ωt) [J2N −2 + J2N +2 ] sin(φ) =

(20)

=

o
1
[J2N −2 − J2N +2 ] cos(φ) + [J2N −2 + J2N +2 ] sin(φ) δ(Ω − 2N ).
2i
2

n1

(21)

Defining A = J2N −2 − J2N +2 , B = J2N −2 + J2N +2 , the even-harmonic power is:
1
I(2N ) = |vg (2N )|2 = [A2 cos2 φ + B 2 sin2 φ].
4

(22)

Therefore, unless if A = B, the even harmonics modulate with φ, but they all modulate with
either the same phase or out-of-phase, depending whether A > B or A < B. Bloch emission
does not allow the continuosly varying modulation phase observed in the experiment.

VI.

DEPENDENCE ON 2ω POWER

Supplementary Figure 5 reports the modulation phase of even and odd harmonics for
three second-harmonic powers (relative to the fundamental power). Increasing the secondharmonic power reduces the relative modulation phase between even and odd harmonics, as
10
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FIG. 5. Modulation phase for even and odd harmonics versus second-harmonic power (relative to
the fundamental power). Increasing 2ω power yields progressively in-phase modulation of even and
odd harmonics. The relative phase between adjacent even harmonics, though, changes little at the
lower powers.

well as a reduction of the modulation phase between the even harmonics (which we use to
extract the ”atto-chirp”). As a result, the extracted atto-chirps are to be regarded as lower
bounds.
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